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Optimal Bounded Low-Thrust Rendezvous
with Fixed Terminal-Approach Direction

M. Guelman¤ and M. Aleshin†

Technion—Israel Institute of Technology, 32000 Haifa, Israel

The bounded, low-thrust, � xed-time, fuel-optimalconstrained terminal approachdirection rendezvous using the
relative linearized equationsof motion is investigated. A minimum fuel, two-stage solution is developed. In the � rst
stage, optimal transfer from initial conditions to an intermediate point in the � nal line approach is implemented.
In the second stage, an optimal thrust program guaranteeing directional approach is applied. Optimal rendezvous
with � xed terminal approach is achieved by minimizing overall fuel consumption as a function of the intermediate
point relative location and velocity in the � nal line approach. Solutions are generated and analyzed with � nal time
as a parameter. Numerical results for a representative case are presented.

Introduction

T HE potential of solar–electrical propulsion system for future
spacemissionshas beenwell recognized.1 This propulsionsys-

tem, which is characterizedby variableexhaustvelocity and limited
power, produces low thrust with high speci� c impulse, greatly re-
ducing the initial spacecraft mass. This mass reduction makes pos-
sible a new generation of small and sophisticated spacecraft for a
variety of missions, from satellite station keeping to interplanetary
missions, as well as maneuvers in the vicinity of space stations and
even small comets or asteroids.

For ef� ciency, an optimal trajectory is desired. In most cases, the
objective is to guide the spacecraft from an initial state to a � nal
state (position and velocity), with minimum fuel expenditure. Op-
timal trajectory analyses of such systems were discussed in several
comprehensive works, such as that by Marec.2 Advanced analy-
sis should consider practical issues, such as bounds on the thrust
levels.

Optimum unbounded thrust rendezvous programs for power-
limited propulsion systems were examined by Lembeck and
Prussing3 using equations linearized about a nominal circular orbit
and by Carter4 using equations linearized about general Keplerian
orbits. Exact, analytical expressions were obtained for the required
control accelerations. Pardis and Carter5 and Kechichian6 derived
bounded, low-thrust rendezvous trajectories with power-limited
propulsion systems. Carter and Pardis7 extended the work for the
case where the controllerhas both upper and lower bounds.To avoid
saturation, they proposed the use of multiple engines, where each
one has continuous thrust bounded by upper and lower limits.

In all of these works no constraintswere imposed on the chaser’s
� nal approach to the target. However, the � nal approach of a real
rendezvous is constrained. Proximity maneuvering is started at a
certain distance from the target and is to be performed along the
target-docking axis. Therefore, these path constraints at the � nal
approachhave to be takenintoaccount to performterminal approach
along a prespeci� ed inertial or target-relativedirection.

In Ref. 8, a minimum fuel, two-stage solution was developed for
the power-limited unbounded thrust rendezvous with a � xed � nal
direction approach. In the � rst stage, optimal transfer from initial
conditions to an intermediate point in the � nal line approach was
implemented.In the secondstage,anoptimal thrustprogramguaran-
teeing directional approach was applied. Optimal rendezvous with
� xed terminal approach was achieved by minimizing overall fuel
consumption as a function of the intermediate point relative loca-
tion and velocity in the � nal line approach.This two-stage solution
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will be now extendedfor the case of a power-limitedbounded thrust
rendezvous with � xed � nal approach direction.

Problem Statement
A maneuvering chase vehicle is initially located at a small rela-

tive distance (compared to the orbital radius) from a passive target.
The target vehicle is in circular orbit about a planet. A low-thrust,
power-limited system is to be used by the chaser to execute ef� -
ciently a terminal rendezvousmaneuver. To study this problem, the
linearized equations about a nominal orbit will be employed.These
equationsare commonly referredto as theClohessy–Wiltshire(CW)
equations.

The CW rotatingcoordinateframe is � xed in the target spacecraft
with the origin moving at a constant angular velocity given by the
mean motion n. This rotating coordinate system is shown in Fig. 1
with y in the direction of the radius vector, x in the negative veloc-
ity vector direction, and z is the out-of-plane displacement in the
direction of the frame rotation vector.

The CW equations are9

Rx.t/ D 2n Py.t/ C 0x (1)

Ry.t/ D ¡2n Px.t/ C 3n2 y.t/ C 0y (2)

Rz.t/ D ¡n2z.t/ C 0z (3)

where 0x , 0y , and 0z are the thrust acceleration components.
When normalized, canonical units are employed, the spacecraft

equations of motion can be written compactly in terms of relative
position and velocity vectors rT D [x y z] and vT D [ Px Py Pz] as
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where 0 and I are 3 £ 3 zero and identitymatrices, respectively,and
the matrices A1 and A2 are de� ned by
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For minimum fuel in a power-limited system, it is required to min-
imize the performance index2

J D 1
2

Z t f

t0

C T C dt (6)

where t0 and t f are � xed initial and � nal times and C is the thrust-
acceleration vector with

j0.t/j · 0max (7)
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Fig. 1 CW coordinate
frame.

with 0max a positive real number expressing the upper bound on the
thrust-acceleration magnitude. The mass change due to fuel con-
sumption over the � ight interval is assumed to be insigni� cant and,
therefore, constrainedmaximum thrust-accelerationis used instead
of a constrained maximum thrust level.

Optimal solutionsfor power-limitedsystemswith upper bound5;6

and both upper and lower bounds on thrust magnitude7 were inves-
tigated. Multiple thrusters and discrete thrust level10 solutions were
also considered. In the present paper, we restrict ourselves to the
case of an upper bound on the thrust magnitude and its effects on
rendezvous with � xed terminal approach direction.

Let the � nal approach direction be de� ned by unit vector
u D [ux u y uz]T . Given a � nal direction approach unit vector u
expressed in the rotating CW frame, the constrained � nal direction
minimum fuel can be de� ned as follows: Given initial conditions
r.t0/ and v.t0/ � nd the thrust controlaccelerationvector C to achieve
� nal conditions r.t f / D 0 and v.t f / D 0 at given � nal time t f such
that for t ! t f , r.t/ £ u ! 0C and v.t/ £ u ! 0C, while the
performance index J is minimized.

Note that the vector cross-productrequirementson both the rela-
tive position and velocity vectors represent in qualitative terms the
terminal approach constraint conditions. The actual conditions im-
posed to achieve the � nal approach constraint are de� ned later in
the paper.

Optimal Control
Given equationsof motion (4) and the performanceindex (6), the

Hamiltonian function is

H D 1
2
02 C ¸T

r v C ¸T
v .A1r C A2v C C / (8)

The adjoint equations are

P̧
r D ¡AT

1 ¸v (9)

P̧
v D ¡AT

2 ¸v ¡ ¸r (10)

When the minimum principle is applied, the Hamiltonian is mini-
mized by

C ¤.t/ D
»

¡¸v.t/ j¸v.t/j · 0max

[¡0max=j¸v.t/j]¸v.t/ j¸v.t/j ¸ 0max
(11)

State and adjoint equations can be written compactly as
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where
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[0max=j¸v .t/j] j¸v.t/j ¸ 0max
(13)

Equation (12) represents a set of nonlinear differential equations.

Unbounded-Control Synthesis
For the case of unbounded thrust acceleration, state and adjoint

equations can be written as
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As can be seen from Eq. (14), the system is linear, the adjoint equa-
tions can be solved separately from the state equations,and further-
more the transition matrix for the adjoint vector is the same as for
the unthrusted state equations.3

Solution of the adjointequations is given by the adjoint transition
matrix 8¸ as

µ
¸r .t/

¸v.t/

¶
D 8¸.t ¡ t0/¸0 (15)

where ¸0 D [¸T
r ; ¸T

v ]T is the adjoint initial condition vector. When
the matrix 8¸ is partitioned into two submatrices as

8¸.t ¡ t0/ OD
µ

8¸r .t ¡ t0/

8¸v.t ¡ t0/

¶
(16)

and Eq. (11) is utilized, the optimal thrust-acceleration vector is
given by

C ¤.t/ D ¡8¸v ¸0 (17)

The solution for the position-velocitystate vector due to the optimal
thrust acceleration is

x.t/ D 8.t ¡ t0/x.t0/ C 9.t ¡ t0/¸0 (18)

where 9 is the convolution integral for the position-velocity state
vector due to the optimal thrust acceleration 0¤.t/. Vector ¸0 is
de� ned such that the boundary conditions are ful� lled.

For the free approach-directionrendezvous,¸0 is de� ned by3

¸0 D ¡9¡1.t f ¡ t0/8.t f ¡ t0/x.t0/ (19)

To solve the problem of rendezvouswith a � nal approachdirection,
it would appear that the simplest solution is to determine terminal
boundary conditions by
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instead of r.t f / D 0 and v.t f / D 0, where " and ± are small values
de� ning the � nal relative position and velocity, respectively.Vector
¸0 satisfying the boundary conditions is de� ned by

¸0 D ¡9¡1.t f ¡ t0/[8.t f ¡ t0/x.t0/ ¡ x.t f /] (21)

This solution was implemented in Ref. 8. The chaser spacecraft
effectively reaches the target spacecraft along the required � nal ap-
proach direction; however, it is only near the � nal point that the
required terminal boundary conditions are satis� ed. This follows
becausewhen the required turning rates are implemented to modify
both the velocity and � ight directions, the optimal policy is to wait
until the velocity magnitude approaches zero, requiring then only a
negligible acceleration with a minimum cost.

To achievethe desired � nal approachdirectionfrom a suf� ciently
great range, a possible approach is to modify the performance in-
dex. To remain within the standard linear quadratic problem, the
performance index is modi� ed to include the squareddistance from
the chaser position to the desirable line, that is,

J1 D
1

2

Z t f

t1

. C T C C ®rT Dr/ dt (22)

where the matrix D is
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and ® is a weighting coef� cient. The matrix D is constant for the
case of a � xed target-relativeapproachdirection and is time varying
for the case of a � xed inertial approach direction.
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State and adjoint equations are now given by
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The adjoint equations can not be solved separately in this case. The
thrust-accelerationvector C .t/ that satis� es the minimum principle
now depends on the relative position r.t/ of the chaser. Numerical
solutionswere obtained,8 and the resultwas that indeed the required
direction is achieved. However, the quadratic cost function compo-
nent, or any other quadratic form, has a major limitation: It leads
to a nonsensitive sign solution. Only the terminal approach direc-
tion can be guaranteed, but not the desirable side. The spacecraft’s
� nal approach direction will depend on the initial boundary condi-
tions and time interval. Both the side and direction can be achieved
depending on the initial boundary conditions.

The approach taken to ensure the required � nal approach direc-
tion from a suf� ciently great range is to employ a two-stage solu-
tion. The problem is solved by employing � rst an optimal transfer
with performance index J , from the initial boundary conditions
x.t0/ D [r.t0/

T ; v.t0/
T ]T to an intermediate state-space point x.t1/,

followed by a constrained directional approach that employs the
performance index J1.

The cost of the two-stage constrained rendezvous is the sum of
the propellantcosts for the transfer and proximity stages. Total fuel
cost for a � xed � nal time is minimized by an adequatechoice of the
intermediatepointx.t1/. Parameters de� ning the intermediatestate-
space point, as well as the stage braking time t1 , have to be obtained
to minimize total fuel consumption for � xed mission time t f .

The adopted solution de� nes � rst-stage � nal conditionssuch that
the chaser will be on the � nal approach line at distance R with
relative velocity amplitude V along the same line, that is,

x.t1/ D [¡RuT ; V uT ]T (25)

These are in turn the second-stage initial conditions.

Bounded-Thrust Rendezvous
The two-stage, low-thrustsolution is appliednow for the bounded

thrust. Given equations of motion (4) and the performance in-
dexes (6) and (22) for the � rst and second stages, respectively, the
Hamiltonian function is minimized for both stages applying the
same thrust acceleration as de� ned by Eq. (13). The state and ad-
joint equations for each stage can be written compactly as
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where the weighting coef� cient ® multiplying the matrix D is zero
for the � rst stage. Equation (26) represents a set of nonlinear dif-
ferential equations. Because of the nonlinear form of the optimal
thrust acceleration, the two-point boundary value problem is now
solved for each stage numerically. The adjoint initial conditions
for each stage, ¸0 D .¸T

r0; ¸T
v0/T , satisfying the nonlinear Eq. (26),

are found numerically in an iterative manner by a gradient method
(the MATLAB® fsolve routine was implemented for the numerical
solution).

The analyticalsolutionfor unsaturatedthrust is taken as the initial
guess for the adjoint initial conditions.The adjointequationsare un-
stable for forward integrationand, therefore,divergenceis expected
duringnumericalintegrationofEqs. (26)for the � rst stage,where the
� ight interval is suf� ciently great. Analytical expressions obtained
for the adjoint equations given in the Appendix and dependingonly
on ¸0 are used for the � rst-stage solution eliminating the adjoint
equation’s numerical integration.

As a representative example of a two-dimensional rendezvous,
the case of a target spacecraft in a circular low Earth orbit at an

Fig. 2 Bounded thrust optimal trajectory.

Fig. 3 Final approach relative trajectory.

altitude of 480 km is considered.The chaser spacecraft’s initial po-
sition is 15 km behind the target with an initial relative velocity
of 10 m/s in the negative X direction. The required terminal ap-
proach direction is the CV bar or approachalong the negative target
velocity direction. Maximum thrust-acceleration magnitude taken
for this numerical example is 0max D 5 £ 10¡4 m/s2. Such thrust-
accelerationlevels are currentlyavailable in electric propulsionsys-
tems. To achieve a solution for given maximum thrust-acceleration
magnitude, the � ight intervalwas taken to be 11 orbitalperiods.The
weighting coef� cient ® for the second stage is in normalized units
equal to 5 £ 103. The intermediate point parameters are R D 300 m
and V D 0:2 m/s for unsaturatedsecond-stage� ight. Figure 2 shows
the relative optimal trajectory in the x – y plane. Figure 3 shows a
close up of the � nal approach. As can be clearly seen, rendezvous
is achieved along the required � nal approach direction. The re-
quired thrust acceleration for the � rst and second stages is shown
in Figs. 4 and 5, respectively. As can be seen, the required thrust
is almost fully saturated. The � rst- and second-stage fuel costs are
J1 D 5:1342£ 10¡3 and J2 D 1:538 £ 10¡4 , respectively, for a total
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Fig. 4 First-stage optimal thrust acceleration.

Fig. 5 Second-stage optimal thrust acceleration.

fuel cost of J D 5:288 £ 10¡3. For comparison purposes, the corre-
sponding fully unsaturated � rst-stage cost is J D 4:56 £ 10¡3 . The
second-stage � ight interval is 1885 s.

As a representativeexampleof three-dimensionalrendezvous,the
same case of a target spacecraft in a circular low Earth orbit at an
altitude of 480 km is considered. Now, the chaser spacecraft’s ini-
tial conditions r0 D [15; 0; 2]T km and v0 D [¡10; 0; ¡2]T m/s, are
chosen outside the trajectory plane. The required terminal approach
direction is again the CV bar or approach along the negative target
velocity direction. The � ight interval is taken to be two orbital peri-
ods, and the weighting coef� cient ® for the second stage is equal to
5 £ 103 in normalized units. The intermediate point parameters are
R D 300 m and V D 0:35 m/s. Figure 6 shows the relative optimal
trajectory and Fig. 7 shows a close up of the � nal approach.As can
be clearly seen, the chaser successfully reaches the trajectory plane
at the intermediate point. Rendezvous along the required � nal ap-
proach direction is achievedat the second stage. The required thrust
accelerations for the � rst and second stages are shown in Figs. 8
and 9, respectively.Total fuel cost is J D 2:995£10¡2. For compari-
son, the correspondingunconstrainedterminalapproachrendezvous
cost is J D 2:90 £ 10¡2 .

Fig. 6 Unbounded thrust three-dimensional optimal trajectory.

Fig. 7 Three-dimensional � nal approach relative trajectory.

Fig. 8 Three-dimensional � rst-stage optimal thrust acceleration.
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Fig. 9 Three-dimensional second-stage optimal thrust acceleration.

Maximum Thrust and Cost Dependence
on Flight Interval

In Ref. 5, the existence of a solution to the power-limited ren-
dezvous with thrust saturation and the fuel consumed in an opti-
mal solution as a function of the thrust magnitude was studied. A
necessary condition for a solution to exist and a necessary and suf-
� cient condition for an optimal solution to be fuel ef� cient, both
in terms of the bound on thrust and the boundary conditions, were
derived.A similar analysis will now be performed for the two-stage
rendezvouswith a � xed � nal approach direction. This analysis will
be performedfor the two stagesseparatelybecausedifferentrequire-
ments apply.

First Stage
For givenboundaryconditionsfor the � rst stage, the bound on the

thrust for the existenceof a solution is now determinedas a function
of the � ight interval.

The set of bounded thrust admissible controls is a subset of the
unbounded thrust admissible controls. It follows then that5

Junsat.1t/ · Jsat.1t/ · Jtot.1t/ (27)

where 1t D .t f ¡ t0/ is the � ight interval, Junsat the cost of unsatu-
rated � ight, Jsat the cost of the � ight with regions of saturation, and
Jtot the cost of the totally saturated � ight given by

Jtot D 1
2
02

max1t (28)

The expression for unsaturated � ight cost function now will be de-
rived. When the expression for optimal thrust accelerationgiven by
Eq. (17) is utilized, the unsaturated � ight cost as de� ned in Eq. (6)
can be written as a quadratic form of the adjoint initial conditionsas
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and the adjointinitialconditions¸0 aregivenby Eq. (19). Now when
Eqs. (28) and (29) are substitutedinto inequality(27), it follows that
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Fig. 10 First-stage maximum thrust for saturated and unsaturated
� ight.

The necessary condition for the bounded thrust solution to exist is

0max ¸ 0m1 D
³
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0 Ä.1t/¸0

1t

´ 1
2

(32)

where 0m1 is a function of � ight interval and is shown in Fig. 10.
Saturation is avoided during the � ight if the maximum value of

the optimal thrust-accelerationmagnitude over the entire � ight in-
terval is smaller than the available maximum thrust-acceleration
magnitude:

max
t0 · t · t f

j C ¤.t/j · 0max (33)

Because the optimal thrust acceleration is given by C ¤.t/ D
¡8¸v.t/¸0 , the necessary and suf� cient condition for the bounded
thrust solution to be unsaturated is de� ned as

max
t0 · t · t f
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£
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¸v.t/8¸v.t/
¤
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max (34)

Typically,theglobalmaximumoccursfor t D 0, anda simpleexpres-
sion is obtained because the transition matrix becomes the identity
matrix:

¸T
v0¸v0 · 02

max (35)

Because for each � ight interval the adjoint initial conditions
¸0 D .¸T

r0; ¸T
v0/T are required to satisfy boundary conditions (25)

along with nonlinear equations (26), 0m2 D
p

.¸T
v0¸v0/ is also a

function of the � ight interval. 0m2 is shown in Fig. 10.
Given 0max and the boundary conditions, the minimal � ight time

interval1tmin guaranteeingunsaturated� ight can be derivednumer-
ically fromEq. (35). When the boundaryconditionsof the � rst stage
of the particularnumericalexample where 0max D 5£10¡4 m/s2 are
substituted, the minimum � ight time interval for unsaturated � ight
is obtained as 1tmin D 31 h or about 21 orbital periods.

Fuel consumptionis a functionof � ight interval.For the samecase
alreadyconsidered,the total � ightintervalis variedfromunsaturated
� ight region to totallysaturated� ight,and the resultingcost function
as a function of � ight interval is presented in Fig. 11.
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Fig. 11 First-stage cost function vs � ight interval.

Fig. 12 Second-stage maximum thrust acceleration as a function of
second-stage � ight interval.

Ascanbe seen in Figure11, the � rst-stagecost for totallysaturated
� ight is about twice that corresponding to unsaturated � ight with
the minimum possible � ight interval.Note that with saturated� ight,
mission time can be decreasedapproximatelyto half, as can be seen
from the Fig. 11. Thus, � ight interval could be lengtheneduntil the
unsaturated � ight region for better fuel economy is achieved, or
alternatively, the same rendezvousmission could be performed in a
shorter time at the expense of larger fuel consumption.

Second Stage
The second stage assures the constrained terminal approach.Be-

cause additional thrust acceleration is required for constrained ter-
minal approach, the shorter the range at which the second stage is
initialized the smaller is the cost. The actual value of second-stage
initial range R, thus, can be de� ned only from safety requirements.

Fig. 13 Optimal second-stage rendezvous trajectories as function of ®.

Fig. 14 Second-stage unsaturated fuel cost as a function of second-
stage � ight interval.

To ensure better controllability margins, unsaturated � ight will
be required. This requirement implies

max
t1 · t · t f

j C .r1; jv1j/j · 0max (36)

Typically, the global maximum occurs for t D t1 and Eq. (36) can
be written as

¸T
1 ¸1 · 02

max (37)

0¤
max D

p
.¸T

1 ¸1/ is shown in Fig. 12 for two different values of the
intermediate point relative velocity.

As can be seen in Fig. 12 for a suf� ciently large � ight interval (ap-
proximately 1t > 2000 s) the maximum thrust magnitude becomes
a functionof spacecraftinitialvelocityonly.The second-stageinitial
velocitymagnitudecan be computed from condition(37) to achieve
second-stageunsaturated � ight.
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The second-stage weight coef� cient ® is de� ned from terminal
approach accuracy requirements. The sensitivity to ® is shown in
Fig. 13 for a typical case.

During the second stage, additionalthrust accelerationis required
to maintainthechaseron the � nal approachline.As the � ightinterval
increases,more fuel is consumedfor this purpose.On theother hand,
fuel consumed for optimal transfer decreases for increasing � ight
interval.Thus, startingfroma certain � ight intervalvalue,we expect
no cost improvement. This is clearly seen in Fig. 14, which shows
second-stage fuel cost J for the case of unsaturated � ight.

Conclusions
The structure of the solution of the � xed-time, linear, low-thrust,

fuel-optimalconstrainedterminal approach-directionrendezvousof
a spacecraft with a vehicle in circular orbit has been determined.
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A two-stage solution was implemented, formed by a fuel optimal
branch to reach an intermediate state on the � nal approach direc-
tion with velocity along the approach line, and a � nal line-of-sight
trajectory branch from the intermediate state to the � nal approach
conditions.This approach provides a solution from all possible ini-
tial conditions and achieves the � nal approach direction from a suf-
� ciently great range. Only marginal additional fuel consumption is
required in comparison with the free-approachsolution.

Appendix: State and Adjoint Vectors Solution
Solution of the linear system (4) is given in Eq. (18) and repeated

here:

x.t/ D 8.t ¡ t0/x0 C 9.t ¡ t0/¸0 (A1)

8 is the transition matrix, and 9 is the convolution integral for the
state vector due to the optimal acceleration 0¤.t/.

The partitions of the state transition matrix 8.t/ are de� ned as
follows:
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The individual partitions in normalized units, such that the nominal
circular orbit mean motion n is equal to unity, are given by

811.t/ D

2

4
1 6.t ¡ sin t/ 0

0 4 ¡ 3 cos t 0

0 0 cos t

3

5 (A3)

812.t/ D

2

4
4 sin t ¡ 3t 2.1 ¡ cos t/ 0

¡2.1 ¡ cos t/ sin t 0

0 0 sin t

3

5 (A4)

821.t/ D

2

4
0 6.1 ¡ cos t/ 0

0 3 sin t 0

0 0 ¡sin t

3

5 (A5)

822.t/ D

2

4
4 cos t ¡ 3 2 sin t 0

¡2 sin t cos t 0

0 0 cos t

3

5 (A6)

The convolution integral 9 can be de� ned as follows:

9.t/ D
µ

911.t/ 912.t/

921.t/ 922.t/

¶
(A7)

where the elements of the partition are given by

The adjoint variables transition matrix 8¸.t/ is de� ned as

8¸.t/ D
µ

8¸11.t/ 8¸12.t/

8¸21.t/ 8¸22.t/

¶
(A12)

The partition matrices are given by

8¸11.t/ D

2

4
1 0 0

6.sin t ¡ t/ 4 ¡ 3 cos t 0

0 0 cos t

3

5 (A13)

8¸12.t/ D

2

4
0 0 0

6.1 ¡ cos t/ ¡3 sin t 0

0 0 sin t

3

5 (A14)

8¸21.t/ D

2

4
3t ¡ 4 sin t ¡2.1 ¡ cos t/ 0

2.1 ¡ cos t/ ¡sin t 0

0 0 ¡sin t

3

5 (A15)

8¸22.t/ D

2

4
4 cos t ¡ 3 2 sin t 0

¡2 sin t cos t 0

0 0 cos t

3

5 (A16)

The matrix Ä de� ned in Eq. (30) is partitioned as

Ä.t/ D
µ

Ä11.t/ Ä12.t/

Ä21.t/ Ä22.t/

¶
(A17)
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with

Ä11.t/ D

2

4
3t3 C 14t C 24t cos t ¡ 3 sin 2t ¡ 32 sin t 1:5.cos2t ¡ 1/ ¡ 3t2 C 6t sin t 0

1:5.cos 2t ¡ 1/ ¡ 3t 2 C 6t sin t 6:5t ¡ 8 sin t C 0:75 sin 2t 0

0 0 0:5t ¡ 0:25 sin 2t

3

5 (A18)

Ä12.t/ D

2

4
¡4:5t2 ¡ 7 C 4 cos t C 3 cos 2t C 12t sin t 1:5 sin 2t ¡ 5t C 8 sin t ¡ 6t cos t 0

1:5 sin 2t C 11t ¡ 14 sin t 4 cos t ¡ 0:75 cos 2t ¡ 13=4 0

0 0 0:25.cos2t ¡ 1/

3

5 (A19)

Ä21.t/ D

2

4
3 cos2t C 4 cos t C 12t sin t ¡ 4:5t 2 ¡ 7 1:5 sin 2t C 11t ¡ 14 sin t 0

1:5 sin 2t ¡ 5t C 8 sin t ¡ 6t cos t 4 cos t ¡ 0:75 cos2t ¡ 13=4 0

0 0 0:25.cos 2t ¡ 1/

3

5 (A20)

Ä22.t/ D

2

4
3 sin 2t C 19t ¡ 24 sin t 6 cos t ¡ 4:5 ¡ 1:5 cos 2t 0

6 cos t ¡ 4:5 ¡ 1:5 cos2t 2:5t ¡ 0:75 sin 2t 0

0 0 0:5t C 0:25 sin 2t

3

5 (A21)
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